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Matching logic [4J312] is a logic that allows to uniformly specify and reason
about programming languages and properties of their programs. The syntax of
matching logic is simple and compact:

pu=z|X ol | Lo = [Tap|pX o
These eigth syntax constructs build matching logic formulas, called patterns,
which, semantically speaking, can be matched by a set of elements. Patterns can
match structures that are of certain shapes, satisfy certain dynamic properties,
or meet certain logical constraints, usually all of these together.

The matching logic is endowed with a proof system that defines the prov-
ability relation, written I" Fy ¢, which means that ¢ is formally derivable from
the axioms in I, using the matching logic (Hilbert-style) proof system [2].

Many important logics and/or formal systems have been shown to be defin-
able in matching logic as logical theories. In this we consider a different approach:
starting from a matching logic theory specifying a domain D, we derive a logic
(proof system) Fp that can be used independently to reason within D.

Next we present two matching logic theories: DEF and NAT. DEF introduces
a new symbol def, called the definedness symbol, and defines the (Definedness)
axiom. This symbol and its axioms is all it is needed to define predicates, its
possible values being | or T = —_L. Then, the equality, the inclusion, and the
membership are introduced as notations for patterns using the new symbol.

theory NAT Imports: DEF

Symbols: N, zero, succ

theory DEF Notations:

Symbols:  def

Notations: [¢] = def ¢

Axioms: (Definedness) Vz. [z]
Notations:

0 = zero,1 = succ0,2 = succl,...
Vr:N.p=xeN—= ¢
Jr:N.p=xeNAp

Axioms:

totalit; ==[=

(tota . y) WJ_ (_ d Zero)  Jz:N.zero =z
(equality) 1 =2 = |1 < 2] S vz:N.Jy:N =
(inlelusion) @1 C g2 = |1 — @2 ucce) z:N.Jy:N. succ z =y

(membership) z € p =2 C ¢

(
(
(Succ.1) succ zero # zero
endtheory (

Succ.2) Vx:N.Vy:N.succx = succy = z=y
(Domain) N = pD. zero V succ D
endtheory

The theory NAT specifies the natural numbers up to an isomorphism [I]. Note
the 1-1 correspondence between the NAT axioms and the Peano axioms (see,
e.g., https://www.britannica.com/science/Peano-axioms).



From the theory DEF we may derive the following the following inference
system that can be used to reason about the equality and the membership:

FpeEF @ = ¢ FpEF 01 = @2 Aplpo1/x] = Ylpa/x]
Fper ¢ Fper Vo.x € ¢

— = F 4 FV — T &FV

Foms Yoz € 0° Z FV(p) E—— ¢ FV(p)

Foerz €y = (z=vy) FpEF T € —p = (7 € @)

FpEF (iE € Y1 /\QDQ) = (x € Qﬂl) A (IE S (,02) FoEF (x € Jy. (p) = Jy. (x € QD)

FDEF 91 = 2 FDEF 1 = 92 FDEF Y2 = ¥3
FDEF 2 = ©1 FDEF 1 = @3

The derived inference system for NAT imports Fpgg (the first rule), includes the
axioms of NAT as rules (the next four rules), and rules for inductive reasoning
(the last three rules), obtained using the (PreFixpoint) and (Knaster-Tarski) from
the matching logic proof system [2]:

FpEF ¢ Fnar @ €N
}_NAT © l_NAT 0eN }_NAT sucec Y € N
Fnat sucec 0 £ 0 FnaTt Va:N.Vy:N. succ x = succ
FNAT succ © — @ Fnat Va:N. (x € ¢ — succ © € @)
FnaTt Va:N. (z € ¢ — succ x € @) FnaT suce ¢ — @

FnaT zero = ¢ FNAT Succ @ — @
Fnat N — @

We obviously have Fpgg ¢ implies DEF Fy ¢ and Fyat ¢ implies NAT Fy .

We start with a gentle introduction of matching logic, including its proof
system, and then we use several canonical examples of domains specified in
matching logic to show how we can derive their specific logics. These examples
will involve both the inductive and coinductive reasoning.
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